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a b s t r a c t
In this paper we collect a substantial number of challenging open problems and conjectures
on connectivity, paths, trees and cycles in tournaments and classes of digraphs which
contain tournaments as a subclass. The list is by no means exhaustive but is meant to show
that the area has a large number of interesting open problems. We also mention problems
for general digraphs when they are relevant in the context.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Tournaments are no doubt the most well-studied class of directed graphs and within the last 15 years a lot of attention
has been given to classes of digraphs which contain tournaments as a subclass. These include locally semicomplete digraphs,
quasi-transitive digraphs, in-tournaments, path-mergeable digraphs and in particular multipartite tournaments. For more
literature on these classes as well as for general notation of this paper, the reader is referred to [8]. Even though these classes
have very nice structure which allows us to solve many problems such as the hamiltonian cycle problem efficiently, there
are still many challenging problems. Already for digraphs which are very close to tournaments, say a tournament with just
a few arcs deleted, problems such as the hamiltonian cycle problem become very complicated.
Besides being of interest to people working on digraphs some of these problems and conjectures may turn out to be
relevant also to a broader audience. As an example let us consider the conjecture made by the author and Thomassen in
1992 [17] that the feedback arc set problem, that is, finding a minimum set of arcs that meet all cycles, is NP-hard for
tournaments. Within the last couple of years at least four different groups have worked on this conjecture: Ailon, Charikar
and Newman [2] first proved that the problem is NP-hard under randomized reductions. Then Alon [3] showed how to
reduce the feedback arc set problem for general digraphs to the same problem for tournaments in polynomial time, thereby
settling the conjecture. Slightly later the same result was obtained independently by Charbit, Thomassé and Yeo [22]. Finally
Conitzer [25] gave a different proof by describing a deterministic reduction of MAXSAT to the feedback arc set problem for
tournaments.
Problem 1 (Ailon and Alon [1]). Is there a polynomial time approximation scheme for the feedback arc set problem for the
class of tournaments.
It was shown in [48] that the feedback arc set problem is fixed parameter tractable for tournaments.
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Fig. 1. Eight digraphs on three vertices. The arcs shown are the only ones present.
2. Basic terminology
We refer to [8] for general definitions on (di)graphs and for a large number of results on various classes of digraphs that
contain the tournaments as a subclass.
A digraph D = (V, A) is
• semicomplete if it has no non-adjacent vertices.
• in-semicomplete (out-semicomplete) if it does not contain any of H3,H4,H5 (H5,H6,H7) as an induced subdigraph (see
Fig. 1).
• locally semicomplete if it is both in-semicomplete and out-semicomplete.
• semicomplete multipartite if it contains none of H1,H2 as an induced subdigraph. If it also has no 2-cycles it is a
multipartite tournament.
• quasi-transitive if it contains none of H4,H5,H6,H8 as an induced subdigraph.
• path-mergeable if for every pair of vertices x, y and every pair of distinct (x, y)-paths P1, P2 there exists another (x, y)-
path P such that V(P) = V(P1) ∪ V(P2).
• extended semicomplete if it can be obtained from a semicomplete digraph S by substituting independent sets for the
vertices, i.e. D has the form D = S[I1, I2, . . . , Is], where S is semicomplete and each Ij is an independent set of vertices.
Hence if si and sj are distinct vertices of S and si → sj is an arc of S, then x→ y is an arc of D for every x ∈ Ii and y ∈ Ij.
• k-arc-strong if D − X is strongly connected for every subset X ⊂ A with |X| < k. We denote by λ(D) the arc-strong
connectivity of D, that is, the maximum k for which D is k-arc-strong.
• k-strong if D has at least k+ 1 vertices and D− X is strongly connected for every subset X ⊂ V with |X| < k. For k = 1 we
also consider the digraph on just one vertex as a 1-strong digraph.
For a digraph D we denote by UG(D) the underlying undirected graph of D, that is, the graph that we obtain by suppressing
all orientations and deleting multiple edges.
We denote by α(D) the independence number of D which is the size of a largest independent set of vertices in UG(D).
The minimum in-degree (out-degree) of a digraph is denoted by δ−(D) (δ+(D)). The minimum degree of D, δ(D), is the
minimum of δ−(D) and δ+(D). The in-degree (out-degree) of a subset X ⊂ V(D) denoted by d−(X) (d+(X)) is the number of
arcs going from V(D)− X to X (X to V(D)− X).
A cycle factor in a digraph D is a collection of disjoint cycles which contain all vertices in D. The existence of a cycle factor
can be checked in polynomial time using flows (see [8, Section 3.11]).
3. Longest paths and cycles
Bang-Jensen, Gutin and Yeo proved in [11] that the hamiltonian cycle problem can be solved in polynomial time for
semicomplete multipartite digraphs. However, neither the algorithm described there nor the faster O(n5) algorithm by Yeo
in [58] can be used to find a longest cycle in a semicomplete multipartite digraph.
Problem 2 (Bang-Jensen, Gutin and Yeo [11]). Is there a polynomial algorithm for finding a longest cycle in a semicomplete
multipartite digraph?
Path-mergeable digraphs are hamiltonian whenever the two obvious conditions of being strongly connected and having
no cutvertex in the underlying graph are satisfied [6]. The proof of this fact is a generalization of the standard proof of
Camion’s theorem that every strong tournament is hamiltonian and leads to a polynomial algorithm. The hamiltonian path
problem, however, seems much harder and it is not clear how to use the path-merging property to construct a hamiltonian
path.
Problem 3 (Bang-Jensen [6]). What is the complexity of the hamiltonian path problem for path-mergeable digraphs?
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A digraph D is hamiltonian connected if it contains an (x, y)-hamiltonian path for every choice of distinct vertices
x, y ∈ V(D). Thomassen [51] proved that every 4-strong semicomplete digraph is hamiltonian connected. In [15]
Bang-Jensen, Manoussakis and Thomassen used this result and several other structural results on hamiltonian paths in
semicomplete digraphs to develop a polynomial algorithm for testing whether a given semicomplete digraph contains an
(x, y)-hamiltonian path. This algorithm is based on a divide-and-conquer approach where the current problem may be
reduced to up to 4 different smaller problems of the same type. Interestingly, the approach used in [15] does not seem easily
adapted to the problem of finding the longest (x, y)-path in a semicomplete digraph, nor does it seem that this problem can
be reduced to the (x, y)-hamiltonian path problem.
Problem 4 (Bang-Jensen and Gutin [7]). Is there a polynomial algorithm for finding a longest (x, y)-path in a semicomplete
digraph? Is there a structural characterization?
Volkmann suggested the following generalization of Thomassen’s theorem to semicomplete multipartite digraphs.
Conjecture 1 (Volkmann [56]). Every (α(D)+ 3)-strong semicomplete multipartite digraph is hamiltonian connected.
Clearly, if a digraph D has a hamiltonian (x, y)-path then it has an (x, y)-path P so that D− V(P) can be covered by vertex-
disjoint cycles (the empty collection). The following conjecture suggests that for a subclass of semicomplete multipartite
digraphs being 4-strong, this condition suffices to guarantee a hamiltonian (x, y)-path.
Conjecture 2 (Bang-Jensen, Gutin and Huang [9]). Let D be a 4-strong extended semicomplete digraph with an (x, y)-path P such
that D− V(P) has a cycle factor. Then D contains a hamiltonian (x, y)-path.
4. Trees in tournaments
4.1. Sumner’s conjecture
Conjecture 3 (Sumner [57]). Every tournament on 2(n− 1) vertices contains every oriented tree with n vertices.
The best bound shown so far is due to El Sahili who proved that every tournament on 3(n−1) vertices contain all oriented
trees on n vertices [29].
4.2. Arc-disjoint branchings with few leaves
An out-branching (in-branching) rooted at s in a directed multigraph D is a spanning tree in UG(D) which is oriented in
such a way that every vertex except s has precisely one arc entering (leaving). See Fig. 2.
Edmonds proved [28] that a digraph D contains k arc-disjoint out-branchings rooted at the vertex s if and only if
d−(X) ≥ k for every X ⊆ V − s (1)
or, equivalently (by Menger’s theorem), s has k arc-disjoint paths to every other vertex.
A leaf of an out-branching F+s is a vertex of out-degree zero in F+s . By a slight modification of the Gallai–Millgram theorem
and Edmond’s branching theorem (see [8, Pages 234 and 501]), every 2-arc-strong tournament contains arc-disjoint out-
branchings F+s,1, F
+
s,2 such that each has at most two leaves. Note that removing the edges of a tree from a complete graph
results in a graph with independence number two.
Problem 5. When does a tournament contain two arc-disjoint out-branchings F+s,1, F
+
s,2 both rooted in the same vertex such
that one of these is a hamiltonian path from s?
The example in Fig. 3 shows that 2-strong connectivity is not sufficient to guarantee arc-disjoint out-branchings F+s,1, F
+
s,2
such that one of these is a hamiltonian path from s. Note that if the roots do not have to be the same, then every 2-strong
tournament has such branchings (see Section 7).
Fig. 2. An out-branching F+s rooted at s and an in-branching F−s rooted at s.
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Fig. 3. A 2-strong tournament. Each of the two boxes represents 2-strong tournaments and all arcs except the six explicitly shown go from left to right.
Fig. 4. A 2-regular 2-arc-strong directed multigraph with no arc-disjoint in- and out-branchings F−s , F+s rooted at s.
4.3. Arc-disjoint in- and out-branchings
Thomassen (see [5]) proved that deciding whether a digraph D has arc-disjoint in- and out-branchings F−v , F+v with
the same root is NP-complete. Bang-Jensen proved [5] that every 2-arc-strong tournament T has arc-disjoint in- and out-
branchings F−v , F+v for every choice of v ∈ V(T) and gave a polynomial algorithm for deciding whether a given tournament T
has arc-disjoint in- and out-branchings F−u , F+v for given u, v ∈ V(T).
In fact a much stronger result holds: Bang-Jensen and Yeo [19] have shown that every 74k-arc-strong tournament
contains 2k arc-disjoint branchings F−u1 , . . . , F
−
uk








. . . , F+vk .
Conjecture 5 (Bang-Jensen and Gutin [7]). There is a polynomial algorithm for deciding whether a given digraph D which is
either locally semicomplete or quasi-transitive has arc-disjoint in- and out-branchings F−u , F+v for given u, v ∈ V(D).
Conjecture 6 (Thomassen [53]). Every 1010-arc-strong digraph D has arc-disjoint in- and out-branchings F−v , F+v for every choice
of v ∈ V(D).
Very little is known about this problem for general digraphs. Fig. 4 shows a 2-arc-strong directed multigraph with no
arc-disjoint in- and out-branchings rooted at the vertex s.
Problem 6. Find a 3-arc-strong digraph D which does not have arc-disjoint in- and out-branchings F−v , F+v for some choice
of v ∈ V(D).
Conjecture 6 would follow immediately from Conjecture 12 in the next section.
5. Decompositions
5.1. Decompositions into arc-disjoint spanning subdigraphs
The so-called Kelly conjecture1 states that every regular tournament on 2k+ 1 vertices has a decomposition into k-arc-
disjoint hamiltonian cycles. Note that it is an easy exercise to show that every k-regular tournament is k-arc-strong.
Conjecture 7 (Kelly [46]). Every k-regular tournament contains k arc-disjoint hamiltonian cycles.
1 A proof of the Kelly conjecture for large k has been announced by R. Häggkvist at several conferences and in [21] but to this date no proof has been
published.
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In [19] a generalization of the Kelly conjecture is given.
Conjecture 8 (Bang-Jensen and Yeo [19]). Every k-arc-strong tournament decomposes into k spanning strong digraphs.
The paper [19] contains several results which support the conjecture
• If D = (V, A) is a 2-arc-strong semicomplete digraph then it contains 2 arc-disjoint spanning strong subdigraphs except
for one digraph on 4 vertices.
• The conjecture is true for every tournament (in fact every semicomplete digraph) which has a non-trivial cut (both sides
of size at least 2) with precisely k arcs in one direction.
• Every k-arc-strong tournament with minimum in- and out-degree at least 37k contains k arc-disjoint spanning
subdigraphs H1,H2, . . . ,Hk such that each Hi is strongly connected.
Conjecture 8 implies the Kelly conjecture. On the other hand, one can construct k-arc-strong tournaments T on arbitrarily
many vertices for which λ(T − x) < k for every x ∈ V(T) (for instance by modifying slightly the idea used by Thomassen on
page 166 of [52]). Hence Conjecture 8 does not seem to follow easily from the Kelly Conjecture. The following two conjectures
represent successive weakenings of Conjecture 8.
Conjecture 9 (Bang-Jensen and Yeo [19]). Let k, s and t be natural numbers such that k = s + t. Then every k-arc-strong
tournament contains arc-disjoint spanning strong subdigraphs D1,D2 such that D1 is s-arc-strong and D2 is t-arc-strong.
Conjecture 10 (Bang-Jensen and Yeo [19]). Every k-arc-strong tournament T contains a spanning strong subdigraph H such that
T − A(H) is (k− 1)-arc-strong.
Thomassen proved [52, Theorem 4.2] that every 2-arc-strong tournament T contains a hamiltonian path P such that
T − A(P) is strong. It is interesting to note that we cannot replace the hamiltonian path by a hamiltonian cycle above, as
shown by the infinite class of 2-arc-strong tournaments in Fig. 3.
Conjecture 11 (Bang-Jensen and Yeo [19]). Except for finitely many exceptions for each k, every k-arc-strong semicomplete
digraph can be decomposed into k arc-disjoint spanning strong subdigraphs.
For k = 2 there is precisely one exception on 4 vertices [19].
For general digraphs almost nothing is known about decompositions into spanning strong subdigraphs and furthermore
it is NP-complete to decide whether a given digraph has a decomposition into two strong spanning subdigraphs. This follows
from the following result by Yeo (unpublished manuscript).
Theorem 5.1. It is an NP-complete problem to decide whether a 2-regular digraph has two arc-disjoint hamiltonian cycles.
Corollary 5.2. It is NP-complete to decide whether a digraph contains two arc-disjoint spanning subdigraphs.
We still believe that even for general digraphs there is a sufficient condition in terms of arc-connectivity for the existence
of two arc-disjoint spanning strong subdigraphs.
Conjecture 12 (Bang-Jensen and Yeo [19]). There exists a constant K so that every K-arc-strong digraph contains two arc-disjoint
spanning strong digraphs.
Note that every digraph with minimum degree k can be split into k parts so as to satisfy minimum degree at least one in
each part:
Theorem 5.3. One can always partition the arcs of a digraph D with δ(D) ≥ k into k arc-disjoint spanning subdigraphs
H1,H2, . . . ,Hk such that δ(Hi) ≥ 1.
Proof. It is enough to show that the bipartite representation BG(D) of D (see [8, Page 25–26]) has a decomposition into k
spanning bipartite graphs with minimum degree one. This follows from the classical result of Gupta [38] that a bipartite
graph with minimum degree r has r edge-disjoint edge-covers. 
5.2. Decompositions into vertex-disjoint subdigraphs
Another way of decomposing a digraph is to split it into several vertex-disjoint subdigraphs.
Problem 7 (Thomassen [49]). Does there exist a function f (r, s) such that every f (r, s)-strong tournament T contains an r-
strong tournament T1 and an s-strong tournament T2 such that V(T) = V(T1) ∪ V(T2) and V(T1) ∩ V(T2) = ∅?
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Fig. 5. A hamiltonian cycle in an extended semicomplete digraph which is not semicomplete will always be splittable into two complementary cycles as
shown.
Two cycles in a digraph D are said to be complementary if they are disjoint and V(C)∪ V(C′) = V(D). For tournaments this
corresponds to the case r = s = 1 above.
It follows from results by Reid and Song [49,50] that every 2-strong tournament on n ≥ 8 vertices contains
complementary cycles C1, C2 such that |V(C1)| = k and |V(C2)| = n− k for every k = 3, 4, . . . , n− 3.
Answering a question of Bang-Jensen, Guo and Volkmann [37] proved that if D is a 2-strong locally semicomplete digraph
which is not the second power of an odd cycle and has at least 9 vertices, then D has a pair of complementary cycles.
Problem 8. Is there a polynomial algorithm for deciding whether a semicomplete multipartite digraph has a pair of
complementary cycles?
For the subclass of extended semicomplete digraphs there is an easy characterization which leads to a polynomial
algorithm.
Theorem 5.4. A strong extended semicomplete digraph D which is not semicomplete has complementary cycles if and only if it
has a cycle factor and at most two strong components.
Proof. Clearly both conditions are necessary. To prove sufficiency, first observe that a hamiltonian cycle can always be split
into two complementary cycles when D is extended semicomplete and has a pair of non-adjacent vertices (see Fig. 5). Now
the claim follows easily from the result by Gutin [39] that an extended semicomplete digraph is hamiltonian if and only if it
is strong and has a cycle factor. 
Conjecture 13 (Volkmann [56]). With at most finitely many exceptions, every (α(D) + 1)-strong semicomplete multipartite
digraph D contains a pair of complementary cycles.
Conjecture 13 is true for those semicomplete multipartite digraphs which are also extended semicomplete digraphs. This
follows from the result above and the fact that every digraph D which is α(D)-strong has a cycle factor (see [8, Proposition
3.11.6(c)]).
6. Cycle factors
The following problem is NP-hard for general digraphs, trivial for locally semicomplete and easy for extended
semicomplete digraphs (by the result of Gutin above), but seems non-trivial for quasi-transitive digraphs and semicomplete
multipartite digraphs. For quasi-transitive digraphs the problem was investigated in [16] where it was shown how to
check for a cycle factor with at most 3 cycles in polynomial time. The problem is also open for semicomplete multipartite
digraphs.
Problem 9 (Bang-Jensen and Nielsen [16]). Given a quasi-transitive digraph; find a cycle factor with the smallest possible
number of cycles.
Problem 10. Let D be a digraph with complementary cycles. What is the smallest difference in D that one can achieve in the
lengths of complementary cycles.
For 2-strong tournaments the answer is zero when n is even and one otherwise, by Song’s theorem (see Section 5.2).
Problem 11. Characterize tournaments that have complementary cycles C, C′ of the same length.
If T is 2-strong and n is even then such cycles always exist by Song’s theorem. If T − x is not strong with strong components
T1, T2, . . . , Tk and for some j ∈ {2, . . . , k − 1} we have |Tj| ≥ n/2 then the cycles exist (take an n/2-cycle C in Tj and a
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hamiltonian cycle in T − V(C)). So we may assume that |T1| ≥ n/2 (if no single Ti is large enough then the cycles cannot
exist). Now the question involves solving the following problem, where X are the neighbours in Ti of x and k = |T1| − n/2:
Problem 12. Given a strong tournament T = (V, A) on n vertices a set X ⊂ V and a number k: When does T have a path P on
k vertices and a cycle C on n− k vertices so that P and C are disjoint and P starts in a vertex from X?
Problem 13. Is there a polynomial algorithm which given a tournament T, decides whether T has a cycle factor C =
{C1, C2, . . . , Ck} such that there exists I ⊂ {1, 2, . . . , k}with the property that∑
i∈I
|Ci| = n/2?.
This problem is NP-complete for general digraphs as the partition problem easily reduces to it: Given an instance
{x1, x2, . . . , xk} of the partition problem let D consist of k disjoint cycles of lengths x1, x2, . . . , xk respectively. What can be
said about the complexity of the problem when restricted to various classes of tournament-like digraphs?
A related Conjecture is the following.
Conjecture 14 (Song [50]). For any set of k integers n1, n2, . . . , nk, where each ni ≥ 3 and∑ki=1 ni = n, all but a finite number
of k-strong tournaments on n vertices contain a cycle factor with exactly k cycles such that the ith cycle has length ni.
Results related to this conjecture were obtained in [23,35].
7. Arc-disjoint hamiltonian paths and cycles
Although the structure of tournaments is very well studied, very little is known about digraphs which can be obtained
from a tournament by deleting a small number of arcs. Such problems become relevant when we want to study the existence
of arc-disjoint copies of the same subdigraph such as hamiltonian paths or cycles and also when we want to find a subdigraph
avoiding certain arcs.
Problem 14 (Bang-Jensen, Huang and Yeo [13]). Which tournaments T contain a hamiltonian cycle C such that λ(T − C) ≥
λ(T)− 1?
It follows from the family of tournaments in Fig. 3 that not all 2-strong tournaments satisfy this (every hamiltonian cycle
will use all arcs going from right to left).
Conjecture 15 (Bang-Jensen and Yeo [19]). Let T be an arbitrary tournament. Then either T contains two arc-disjoint hamiltonian
cycles or T contains two arcs a, a′ ∈ A(T) such that T − {a, a′} has no hamiltonian cycle.
Conjecture 16 (Thomassen [52]). Every 3-strong tournament contains two arc-disjoint hamiltonian cycles.
By a result of Fraisse and Thomassen [30], every k-strong tournament contains a hamiltonian cycle avoiding any
prescribed set of k− 1 arcs. Hence, if true, Conjecture 15 would imply Conjecture 16.
In Fig. 3 we can destroy all hamiltonian cycles by removing two arcs, but removing one is not enough.
Conjecture 17. There exists a polynomial algorithm for deciding whether a given tournament contains two arc-disjoint
hamiltonian cycles.
A tournament is almost transitive if it can be obtained from a transitive tournament by reversing the arc from the vertex
of maximum out-degree to the vertex of maximum in-degree. Thomassen [52] proved that a tournament T contains two
arc-disjoint hamiltonian paths unless it has a strong component which is an almost transitive tournament of odd order or
has two consecutive strong components of size 1, see Fig. 7.
Problem 15. Characterize those tournaments which contain two arc-disjoint hamiltonian paths with prescribed start
vertices.
By inspection of Fig. 6 we see that no arc-strong connectivity suffices.
The following is a possible extension of the notion of hamiltonian connectivity. Note that f (1) = 4 by the result of
Thomassen [51] that every 4-strong tournament is hamiltonian connected and examples in the same paper of 3-strong
tournaments with no (x, y)-hamiltonian path.
Problem 16. Does there exist a function f (k) such that every f (k)-strong tournament contains k arc-disjoint hamiltonian
paths from x to y for every choice of x and y?
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Fig. 6. An example showing that the arc-strong connectivity of a tournament T may be arbitrarily high and still there may be no two arc-disjoint
hamiltonian cycles in T. The two boxes represent k-arc-strong tournaments and the two black dots form singleton strong components in T − x. In T − x all
arcs between components go from left to right and every vertex in the rightmost (leftmost) box dominates (is dominated by) x. It is easy to see that T is
k-arc-strong and that every hamiltonian cycle uses the arc between the two middle components of T − x.
Fig. 7. Examples of tournaments with no two arc-disjoint hamiltonian paths. The boxes indicate arbitrary strong components and the black dots are
singleton strong components in the left figure resp. single vertices in the right figure. All arcs not shown between components/vertices go from left to
right.
8. Oriented hamiltonian paths
Havet and Thomassé [41] settled the longstanding conjecture of Rosenfeld that all but finitely many tournaments contain
every orientation of a hamiltonian path. In fact the only exceptions are three tournaments on 3, 5 and 7 vertices that do not
contain an anti-directed hamiltonian path (for short: an ADH-path) (A path is anti-directed if the orientations alternate
between forward and backward e.g. x1 → x2 ← x3 → x4 ← x5...). Havet [40] gave a polynomial algorithm which given
any oriented path P on n ≥ 8 vertices and a tournament T on n vertices will find an occurrence of P in T in polynomial time.
Hell and Rosenfeld [42] gave a polynomial algorithm for testing the existence of an anti-directed hamiltonian path with
prescribed end vertices in a tournament. Note that it is not specified that the first arc must be forward.
Problem 17 (Hell and Rosenfeld [42]). Extend the method of [42] to obtain a polynomial algorithm for deciding whether a
given tournament T with vertices x, y has a forward ADH-path starting in x and ending in y.
If the last vertex is not specified, then the problem is polynomially solvable [4].
A block in an oriented path is a maximal sequence of forward or backward arcs.
Problem 18 (Hell and Rosenfeld [42]). Is it true that for any oriented path P on n vertices starting with a forward arc such
that no block of P is larger than k, any tournament T on n vertices and any prescribed vertex x of T which has out-degree at
least k+ 1, there is an occurrence of P in T which starts in x on a forward arc?
As mentioned above, Thomassen [51] proved that there are 3-strong tournaments with no (x, y)-hamiltonian path for
some choice of vertices x and y, but that every 4-strong tournament contains such a path. As pointed out in [42] a much
weaker condition suffices to guarantee that a tournament T contains an anti-directed hamiltonian path with prescribed end
vertices, namely it suffices that T has minimum in- and out-degree at least 4.
Problem 19 (Hell and Rosenfeld). Can the minimum degree bound of 4 above be lowered to 3 or even 2?
Problem 20. Find a sufficient condition for a tournament to contain two arc-disjoint ADH-paths with the same end vertices.
9. Cycles containing or avoiding prescribed arcs
An arc x→ y in a digraph D is an ordinary arc if D does not contain the arc y→ x.
Conjecture 18 (Tuza [54]). Let s be a positive integer and suppose that D = (V, A) is a semicomplete digraph such that for every
X ⊂ V with |X| < s the semicomplete digraph induced by V − X is strong and has at least one ordinary arc. Then D contains a
hamiltonian cycle with at least s ordinary arcs.
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Tuza has shown that the conjecture is true for s = 1, 2. He also proved the following.
Proposition 9.1 ([54]). If a strong semicomplete digraph D has a cycle of length at least s+ 1 which contains at least s ordinary
arcs, then D contains a hamiltonian cycle which contains at least s ordinary arcs.
As mentioned earlier Fraisse and Thomassen [30] proved that every k-strong tournament has a hamiltonian cycle avoiding
any prescribed set of k−1 arcs. This is a special case of the following difficult question. For a partial result which generalizes
that in [30] see [10].
Problem 21 (Bang-Jensen, Gutin and Yeo [10]). Which sets B of edges of the complete graph Kn have the property that every
k-strong tournament on n vertices induces a hamiltonian digraph on Kn − B?
Even special cases could be interesting to solve:
Problem 22 (Bang-Jensen, Gutin and Yeo [10]). What are sharp bounds for k above when B is a spanning forest of Kn consisting
of m disjoint paths on r1, r2, . . . , rm vertices respectively? The same question can be asked for disjoint cycles or stars.
Conjecture 19 (Bang-Jensen and Gutin [8]). For every k there exists a polynomial algorithm which given a semicomplete digraph
D = (V, A) and a subset A′ ⊆ A, |A′| = k decides whether D has a hamiltonian cycle that avoids all arcs in A′.
Somewhat surprisingly this conjecture would follow from the following conjecture (see the details in [8, Section 6.7]).
Conjecture 20 (Bang-Jensen, Manoussakis and Thomassen [15]). For every fixed k there is a polynomial algorithm for
determining whether a given semicomplete digraph has a hamiltonian cycle containing k prescribed arcs.
When k = 1, this follows from the result of [15] and when k is part of the input the problem is NP-complete [17].
10. Reversing arcs to increase connectivity
Problem 23. Is there a polynomial algorithm which given natural number k and a digraph D = (V, A) on at least k + 1
vertices, finds a minimum set F ⊂ A of arcs in D such that the digraph D′ obtained from D by reversing every arc in F is
k-strong or determines that D has no such reversal?
If such a subset exists, then we let rk(D) = |F|, where F is a minimum cardinality subset of A, whose reversal makes the
resulting digraph k-strong. Otherwise we let rk(D) = ∞. Determining whether rk(D) is finite seems to be a very hard problem
for general digraphs (see the next section for orientation problems related to this fact).
Let ak(D) denote the minimum number of arcs we need to add to D to obtain a k-strong digraph. This number can be
calculated in polynomial time for any digraph [33].
Clearly ak(D) ≤ rk(D) always. Hence it is interesting to study classes for which the two numbers are equal.
Theorem 10.1 ([14]). For every k ≥ 1 and every semicomplete digraph D on at least max{3, 3k− 1} vertices, ak(D) = rk(D).
Conjecture 21 (Bang-Jensen and Jordan [14]). For every k ≥ 1 and every tournament T on at least 2k + 1 vertices, ak(T) =
rk(T).
For k = 1 this is trivial since every tournament has a hamiltonian path. Thus either r1(T) = 0 if T is already strong or
r1(T) = 1 = a1(T).
The author made the following conjecture at a workshop in Budapest in 1994.
Conjecture 22 (Bang-Jensen). For every natural number k and every tournament T on at least 2k + 1 vertices we have
rk(T) ≤ k(k+ 1)/2.
It is not difficult to show that rk(TTp) = k(k + 1)/2, for every p ≥ 2k + 1, where TTp is the transitive tournament on p
vertices. Hence the conjectured bound would be the best possible.
Let m(k,D) denote the minimum number of arcs one needs to reverse in D in order to obtain a digraph D′ with δ(D′) ≥ k.
If no such reversal exists then m(k,D) = ∞. The number m(k,D) can be calculated and an optimal reversing set can be found
in polynomial time using flows (see [20]).
Let r′k(D) denote the minimum number of arcs one needs to reverse in D in order to obtain a digraph D′ which is k-arc-
strong. By Nash-Williams’ orientation theorem such a reversal exists if and only if the undirected multigraph we obtain from
D by removing all orientations on the arcs (and keeping multiple edges) is 2k-edge-connected (see [47] or [8, Page 443]).
If no such reversal exists then r′k(D) = ∞. The number r′k(D) and an optimal reversing set can be found in polynomial time
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using submodular flows even in the case when there are different costs on the arcs and the goal is to minimize the cost of
the reversal (see [31] or [8, page 458]).
For tournaments the numbers m(k,D) and r′k(D) are closely related. Note that we also have r′k(TTp) = k(k+ 1)/2, so that
the bound below is the best possible.
Theorem 10.2 ([20]). For every natural number k and every tournament T on n ≥ 2k+ 1 vertices we have
r′k(T) = max{k− λ(T),m(k,D)} ≤ k(k+ 1)/2,
where λ(T) denotes the arc-strong connectivity of T.
It follows from a result of Frank and Jordán [33] that ak(T) ≤ k(k + 1) for every tournament on at least 2k + 1 vertices.
Here we give a simple proof for a weaker bound for rk.
Theorem 10.3. Every semicomplete digraph on n ≥ 2k+ 1 vertices can be made k-strong by reversing the orientation of at most
(4k−2)(4k−3)
4 arcs.
Proof. First note the following two facts:
(a) If D is a k-strong digraph and D′ is obtained from D by adding a new vertex x and arcs from x to every vertex in a set X of
k distinct vertices of D and arcs from every vertex of a set Y of k distinct vertices of D to x, then D′ is also k-strong.
(b) If T is a semicomplete digraph on at least 4k−1 vertices, then T contains a vertex with in-degree and out-degree at least
k.
By observations (a) and (b), for every semicomplete digraph T, rk(T) ≤ rk(T ′) for some subgraph T ′ of T with |V(T ′)| ≤
4k − 2: Continue removing vertices as long as we can find a vertex of in- and out-degree at least k, or the current graph
has 2k + 1 vertices. When this process stops we have 2k + 1 ≤ |V(T ′)| ≤ 4k − 2 in the current semicomplete digraph T ′.
Then we can make T ′k-strong by reversing some arcs and adding back each of the removed vertices in the reverse order of
the deletion. This provides a simple upper bound for rk(T) (and hence for ak(T)) as a function of k: we need to reverse at
most half of the arcs, that is, at most (4k−2)(4k−3)4 arcs. This follows from the fact that the k’th power of a hamiltonian cycle is
k-strong. 
11. Orientations which preserve vertex connectivity
As we indicated in the beginning of the last section, it is a difficult problem to determine whether a (multi)graph can
be oriented to a directed (multi)graph with a prescribed guarantee on the vertex strong connectivity. As every graph has
an equivalent digraph which is obtained by replacing every edge by a directed 2-cycle we can transform these orientation
problems into what we call orientation problems for digraphs. By orienting a digraph we mean the operation where we
delete one arc from every directed 2-cycle.
Jordán proved recently that every 18-connected graph has a 2-strong orientation [44]. Note that Jordán’s result does not
imply that every 18-strong digraph has a 2-strong orientation. Even the existence of a function f = f (k) such that every
f (k)-strong digraph has a k-strong orientation is open already for k = 2.
Conjecture 23 (Jackson and Thomassen [53]). Every 2k-strong digraph has a k-strong orientation.
For several classes of digraphs that are close to tournaments we can give such a function.
Theorem 11.1 ([36]). Every (3k− 2)-strong locally semicomplete digraph has a k-strong orientation.
The same bound holds for quasi-transitive digraphs (see [8, Page 400]).
It is interesting to note that even for semicomplete digraphs 3k − 2 is the best bound known so far for k > 2. For k = 2
this can be improved to 3 as shown by the author and Jordán (unpublished result).
For locally semicomplete digraphs which are not semicomplete Huang showed that we can always delete one arc from
every 2-cycle without decreasing the vertex connectivity.
Theorem 11.2 ([43]). If D is a k-strong locally semicomplete digraph which is not semicomplete, thenD has a k-strong orientation.
Finally we mention a conjecture for a necessary and sufficient condition for a graph to have a k-strong orientation.
Conjecture 24 (Frank [32]). A graph G has a k-strong orientation if and only if for every X ⊂ V(G) such that |X| = j ≤ k the
graph G− X is 2(k− j)-edge-connected.
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Fig. 8. Left: A digraph on n vertices and n+ 3 arcs. Right: A path covering with 3 paths.
12. Small certificates for strong connectivity
The MSSS problem is the following: Given a strong digraph D = (V, A), find a spanning strong subdigraph D′ = (V, A′) of
D such that |A′| is minimum.
The MSSS problem is clearlyNP -hard as it contains the hamiltonian cycle problem as a special case. Hence the problem
can only be hoped to be polynomially solvable for those classes of digraphs where we know that the hamiltonian cycle
problem is polynomial.
The path covering number of D, denoted by pc(D), is the minimum number of vertex-disjoint paths needed to cover all
vertices in D. Let pc∗(D) = 0 if D is hamiltonian and pc∗(D) = pc(D) otherwise.
Lemma 12.1. For every strongly connected digraph D, every spanning strong subdigraph of D has at least n + pc∗(D) arcs. See
Fig. 8
Theorem 12.2 ([18,12]). The MSSS problem is solvable in polynomial time for digraphs which are either quasi-transitive,
semicomplete bipartite or extended semicomplete. Furthermore, if D is a strong digraph on n vertices from one of these classes,
then the number of arcs in a minimum spanning strong subdigraph of D is exactly n+ pc∗(D), that is, it equals the lower bound of
Lemma 12.1
Conjecture 25 (Bang-Jensen and Yeo [18]). The MSSS problem is polynomially solvable for semicomplete multipartite digraphs.
It was shown in [18] that if D is a strong digraph which is either extended semicomplete or semicomplete bipartite on n
vertices, then there exists a minimum spanning strong subdigraph D′ of D which contains a longest cycle of D.
Problem 24. Does every strong semicomplete multipartite digraph D contain a minimum spanning strong subdigraph D′ of
D which contains a longest cycle of D?
Recall that it is an open problem whether we can find a longest cycle in a semicomplete multipartite digraph in polynomial
time.
Theorem 12.3 ([55]). There exists a polynomial algorithm which given a strong digraph D = (V, A) returns a spanning strong
subdigraph D′ of D such that the number of arcs in D′ is at most 1.5 times the number of arcs in a minimum spanning strong
subdigraph of D.
For a digraph D we denote by ∆¯(D) the maximum degree of the complement of UG(D), that is, the maximum number of
non-neighbours of a vertex in D. If this number is bounded we can get a better bound when no vertex has more than n/2
non-neighbours.
Theorem 12.4 ([13]). Every strong digraph D with ∆¯(D) ≤ n
r
contains a spanning strong digraph with at most (1 + 1
r
)n arcs.
Furthermore, such a subdigraph can be found in polynomial time.
In the weighted case, where each arc has a non-negative weight and the goal is to find a spanning strong subdigraph of
minimum weight, the problem becomes NP-hard already for tournaments since it contains the hamiltonian cycle problem
as a special case.
For arbitrary digraphs we can always get within a factor of two of the optimum by taking the union of a minimum weight
out-branching and a minimum weight in-branching both rooted at the same vertex v [34]. Such branchings can be found in
polynomial time (see [27] or [8, Section 9.10]).
Problem 25 (Khuller, Raghavachari and Young [45]). Does there exist an approximation algorithm for the weighted MSSS
problem with a better approximation guarantee than 2?
Problem 26. Is there a polynomial approximation scheme for the weighted version of MSSS in the case of semicomplete
digraphs?
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13. Certificates for higher connectivities
Whereas the MSSS problem is trivial for tournaments (the answer is always a hamiltonian cycle) the corresponding
problem MSSSk (MSSSarck ) where we are looking for a minimum spanning k-(arc)-strong subdigraph of a k-(arc)-strong
digraph is open even for the case of tournaments when k ≥ 2.
By a certificate for the k-(arc)-strong connectivity of a digraph D we mean a spanning k-(arc)-strong subdigraph H of D.
Clearly D itself is such a certificate so what we seek is a subdigraph H with as few arcs as possible. An optimal certificate
for the k-(arc)-strong connectivity of D is a certificate H with the minimum number of arcs among all certificates for the
k-(arc)-strong connectivity of D.
Problem 27. Determine the complexity of the problems MSSS2 and MSSSarc2 for tournaments,
Approximation algorithms exist for MSSSk and MSSSarck for general digraphs.
Theorem 13.1 ([24]). There exists a polynomial algorithm which, given a digraphD = (V, A)which is k-strong, returns a spanning
k-strong subgraph D′′ = (V, A′′) of D such that |A′′| ≤ (1 + 1
k
)|A∗opt|, where A∗opt denotes a minimum cardinality arc set A∗opt ⊆ A
such that D∗ = (V, A∗opt) is k-strong.
Theorem 13.2 ([24]). There exists a polynomial algorithm which given a digraph D = (V, A) which is k-arc-strong returns a
spanning k-arc-strong subgraph D′ = (V, A′) of D such that |A′| ≤ (1+ 4/√k)|Aopt|, where |Aopt| denotes the number of arcs in an
optimal certificate for the k-arc-strong connectivity of D.
A simple upper bound for the number of edges in the solution to MSSSarck can be obtained using branchings.
Proposition 13.3 ([26]). Every k-arc-strong digraph on n vertices contains a spanning k-arc-strong digraph with at most
2k(n− 1) arcs.
Proof. Fix a vertex v and let F+v1 , . . . , F
+
vk




branchings rooted at v (existence follows from Edmonds’ branching theorem). Let D′ be the spanning subdigraph formed
by taking the union of these 2k branchings. Then D′ is k-arc-strong and has at most 2k(n− 1) arcs. 
For tournaments one can do a lot better. In fact we can get within an additive constant depending only on k of the obvious
lower bound of nk arcs.
Theorem 13.4 ([13]). For any n ≥ 3 and k ≥ 1, every k-arc-strong tournament T on n vertices contains a spanning k-arc-strong
subdigraph D′ with at most nk+ 136k2 arcs. Furthermore, such a spanning subdigraph can be found in polynomial time.
For any tournament T we denote by h(k, T) the minimum number of arcs in a spanning subdigraph D of T which has
δ(D) ≥ k. If δ(T) < k we let h(k, T) = ∞.
The following result can be shown using flows (see [13]).
Proposition 13.5 ([13]). For every tournament with δ(T) ≥ k we have h(k, T) ≤ nk+ k(k+1)/2 and this is sharp. Furthermore,
if T is k-arc-strong h(k, T) ≤ nk+ k(k− 1)/2.
For any tournament T we denote by i(k, T) the minimum number of arcs in a spanning k-arc-strong subdigraph D of T. If
T is not k-arc-strong then i(k, T) = ∞.
The next conjecture suggests a similar connection between i(k, T) and h(k, T) as the one described for reversals in
Theorem 10.2.
Conjecture 26 (Bang-Jensen, Huang and Yeo [13]). For every natural number k and every k-arc-strong tournament T we have
i(k, T) = h(k, T).
We finish with the following question related to MSSSk for tournaments.
Problem 28. Does there exist a function g = g(k) such that every k-strong tournament contains a spanning k-strong
subdigraph with at most kn+ g(k) arcs?
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